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Introduction

o Ordinary arithmetic fails on division by zero

TGRS IO i e R — T AR LA 1 []

o In 1997 the following ship was dead in the water for 2
hours and 45 minutes because a division by zero error

cascaded through the ship’s network crashing every
computer on the network

1997 4F Tﬁp%ﬁﬁm?ﬂﬁm¢ AN B
/N 45 435 ﬂ“ﬂﬁﬂ%%&?ﬁ%ﬁi@
?ﬁﬁ%ﬂ%ﬁ,?ﬁ%ﬁﬁﬁmﬁ§M%%ﬁ
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Transreal Numbers

transreal

) SR

real non-finite

SEAN IS ERE
/\ /\

rational irrational infinite nullity

HIREL ymiibit HK A
-10 2 =2 2 -1 1
T

2 1 1 3

0
0 0 0
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Transreal Numbers

T
The transreal numbers, R, are:

B SCRE RY B RE SR

.RT: RU{—O0,00,(D}
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Transreal Numbers

—00 R 00

« Positive infinity, oo, 1s the biggest transreal number

ETEHKR, oo, Bm R LA

« Negative infinity, —oo, 1s the smallest transreal number
TTCHT K, - oo, JEm/UE) AL

© James A.D.W. Anderson, 2009. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson
CNIC - Chinese Academy of Sciences
2009

Transmat] hematics

Page 9 of 194

Transreal Numbers

—00 R 00

o Nullity, @, 1s the only transreal number that 1s not
negative, not zero, and not positive

TR, ©, BEIER, £F, LIEENK
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o Transreal Numbers
Let £ > 0 then:
ffik>o, NA:

1 %
e 0O = —=-=—
0O O
0
° CI) — =
0
-1 —k
e —O0 — =
0 0
_0_0_0
0TI
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Transreal Fractions

A transreal number 1s a transreal fraction of the form g,
where:
*4*%%? SRS IE O nid W8, H

o n 1s the numerator of the fraction
n e 1

o d 18 the denominator of the fraction
4 RSB
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Transreal Fractions

- n, d are real numbers

n A d A& SEEL
ed>0

« Examples:

BiIan
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Transreal Fractions

. . n
« An improper transreal fraction, —, may have a

negative denominator, —d < 0
*4gﬁfﬂiﬁﬁﬁm@ﬂ%ﬁ*4ﬁﬁmﬁ
-+, -d<o0

« An improper transreal fraction is converted to a proper
transreal fraction by multiplying both the numerator
and the denominator by —1
(B SR E s BOn] LA X510 50 B3 | e LA
-1 WY TR A R ) LSRG
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b Transreal Fractions
2 —1x2 =2
° Example. B — 1 x (_3) 3
0 —1x0 0
. E le: — = -7
xample: — Ix(-1) 1
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Two proper transreal fractions are multiplied like this:

PR ) SCSEA M BT

aXxc¢c

bxd

X

SIQ
IO

« Example: 3 x 0 =

« Example: 0 x o0 =
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Transreal Multiplication

-Example:%x— = —= = —
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Transreal Division

Two proper transreal fractions are divided like this:

PR ) SCSEA O RO R -

SIQ
IO
SIQ
O RN

« Example: o0 + 3 =
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- Example:

0+ (-3) =
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Transreal Addition

Two proper transreal fractions are added like this:

PR ) SCSEA G SO N

¢ _ ad+bc s
y 7 except that: %% | :

_I_

SIQ
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+ () + () = iol +i01 (J_rl):)r(irl)

Examples:

—00
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.c_z+£:ad+bc

b d bd

Examples:
.2+w:2+l:2x0+3x1:§:®
3 3 0 3x0 0

2 2 0 2x0+3x0 0
4D =242 = = = =
3 e 3 0 3x0 0 ¢
g+4_1:2><5+3><4:2_2

3 5 3x5 15
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Two proper transreal fractions are subtracted like this:

AL SCSRSU RO

Ja_c_4d,-¢

b d b d

Examples

v =i Ll L 1+l 1-1 0 4
0O 0 0 O 0 0 0

1_§:l+_3_(1><5)+(2><(3)) S+(-6) -1

2 5 2 5 2 x5 10 10
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Moral

« The arithmetic you have just seen has been taught to 12
year old children in England

ETRFINIESA, SRE 10 9 02T A
s

 These children understand infinity and nullity

ftbAT )56 4 a] LA AR JC 95 K 2 BEAR

« These children use an arithmetic that never fails
1] FLAE F S AR T B B, s B (4T )

il

« What do you want for your children?

VRATHIAEE B O R4 REIX TR IS
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Axioms

« There 1s a computer proof that the following axioms of
transreal arithmetic are consistent

AL, DUR T USSR B A TR
JF—E, E R A

« The sign function 1s used as a short hand 1n axiom [31]
DU NFF-5 PRESAE AT (31) H#2 18 5 4 sgn()
sgn(a) = 1f 0 <a then 1
elseif 0 = a then 0

elseif a < 0 then —1
else @
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— Axioms (Addltlon)

Additive Associativity:
IR RE .
at+(b+c)=(a+b)+c [Al]

Additive Commutativity:
%A HAEE
at+b =>b+a [A2]

Page 25 of 194

© James A.D.W. Anderson, 2009. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson
CNIC - Chinese Academy of Sciences
2009

Transmat] hematics

Page 26 of 194

Axioms (Addition)

Additive Identity:
IIYE LI

O+a = a

Additive Nullity:
IR ZF REAL:
O+tag =

Additive Infinity:
A TCS5 K

a+to = o:qg#*—0, O

[A3]

[A4]

[AS]
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Axioms (Subtraction)

Subtraction as Sum with Opposite:
P2 A AR TR Y AR B8
a—b = a+ (-b) [A6]

Bijectivity of Opposite:
H BB
—(—a) = a [A7]

Additive Inverse:
TSI -
a—a=0:a#x0, O |A8]
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Axioms (Subtraction)

Opposite of Nullity:
ESERIENLENTEAE
—-d = O [A9]

Non-null Subtraction of Infinity:

JCFRBIARZ BEITA -

a—o = —w0 . q#0, O |A10]
Subtraction of Infinity from Infinity:

VRPN VRPN

0w— = O [A11]
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Axioms (Multiplication)

Multiplicative Associativity:
Tk ot
ax(bxc) =(axb)xc

Multiplicative Commutativity:
TR

axb = bxa

Multiplicative Identity:

TeEHAALTT
Il xa = a

[A12]

[A13]

|Al14]
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Axioms (Multiplication)

Multiplicative Nullity:
TR
Oxa =0

Infinity Times Zero:
o595 R UUAZE
wox0) =0

[A15]

[A16]
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Axioms (Division)
Division:

SR

a+b = ax (b_l)

Multiplicative Inverse:
TPyt :

a+~a =1:a#0, oo, ®

Bijectivity of Reciprocal:
EICRPI i

-1 .
(a ) =a:a#-—o

[A17]

[A18]

[A19]
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Axioms (Division)

Reciprocal of Zero:

N BIEL
0! = o [A20]

Reciprocal of the Opposite of Infinity:
TC57 KAE B2
(~0) " =0 [A21]

Reciprocal of Nullity:
ENER GO EAE

O = [A22]
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Axioms (Ordering)

Positive:

—_—

i
oxXa =o0oa>0

Negative:
Uik
wwxag=-0<0>a

Positive Infinity:
IETC5 K

oo > ()

[A23]

|A24]

[A25]
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Axioms (Ordering)

Ordering:

fEFr
a—-b>0<a>b [A26]

Less Than:

a>b<s b<a [A27]

Greater Than or Equal:

KTEET:
a>b<s (a>b)v(a=>b) [A28]

Page 34 of 194
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Axioms (Ordering)

Less Than or Equal:
INTEET
a<bs b>a [A29]

Page 35 of 194
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Axioms (Quadrachotomy)

Quadrachotomy:

VY533

Exactly one of
WA LA RS —
(a<0),(a=0),(@a>0), (a=Dd) [A30]
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Axioms (Distributivity)

Distributivity:
s B
ax(btc) =(axb)+(axc):

—((a = xo) A (sgn(d)#sgn(c)) A(b+c#0,D))

[A31]
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Axioms (Lattice Completeness)

Lattice Completeness:

f&SER L

The set, X, of all transreal numbers, excluding @, 1s
lattice complete because

TR T © ZHMFTAHE) SCREL, SRE X 2
e, BN

VY:YcX=
(ueX:(VyeY:y<u)a

(VveX:(VyeY:y<v)
= u<sv))

[A32]
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Transreal Arithmetic

« Transreal arithmetic 1s a superset of real arithmetic

) SR SR B 9

» Transreal arithmetic 1s fotal — every operation of

transreal arithmetic can be applied to any transreal

numbers and the result 1s a transreal number

T MCSLBURAR S R R —— ) AR
B RAR AT LA AR 0 R, HAE
i) SLEEAL
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Transreal Arithmetic

« Real arithmetic 1s partial — 1t fails on division by zero
and on each of the infinitely many mathematical
consequences of division by zero
SLEUAAR A TN —— SLRUR AR RERHTER LA
THNER, WAREMICH 21 B UAF R s B 152
(EREEIESE
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Advances in Standard Computing

« All mathematical software can be extended to use
transreal numbers

AT 2B T LA R T SCEEAR

« Mathematical software using transreal numbers never
fails on an arithmetical exception

W) SO RO AN AR AL PRATATT 2K
FRFBIIN AR 35t o
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Exponential Function

For all transreal x:

XFFRTA N SCRA x

(exp(-x)) ' 1 x<0
exp(x) = < 2 k

lim 1+—)-C—'+)—C-—'+ +——' . otherwise
Lk — o I 2! k! HoAih

Whence:
FH I -

exp(—©) = 0, exp(®) = o, exp(P) = O
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Exponential Function
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Natural Logarithm

The transreal logarithm 1s well defined for all non-
negative transreal numbers. In particular:

XPTA HAE GG SCSEEL, ) SCRBONEGTAAR
HHIES T, Fnli:

e IN® = lne = O
e Inoo = lIne’ = o
. In0 = lne = = -

The polar-transcomplex logarithm 1s used later

WABAR IR RO R AE L Ja i 23
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Hyperbolic Trigonometry

The hyperbolic trigonometric equations are defined for
all transreal numbers:

YR R SR, DUHIZE = A T RERUE SN

e —e
o Sihhx =
2
X —X
e te
o cOshx = >
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Hyperbolic Trigonometry

 The boundary conditions at x = too force fanh to be
continuous on —oo < x < 0o
ENFEM  x= + co, MIEV] tanh 7EX [H]
-0 < x < oo RS

—]1:x = —0
l :x = o©
tanhx = <
e —e
: otherwise
X —X
e + e
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Hyperbolic Trigonometry

(©, D)
®

cosh®
sinh ®
tanh ©
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Hyperbolic Trigonometry

Without the boundary conditions:
FEICHFFNET,

Whence:
HH I

tanh(—o0) = tanh(w) = tanh(®) = ©®
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Hyperbolic Trigonometry

« The following boundary conditions puncture coth at
x = 0, thereby breaking it into two, symmetrical,
continuous pieces on —o0 <x <0 and 0 < x <

(E NI A 2T, 1t x = 04k, AU
2 coth MMM PEONFRIESCHIZE, o AEIX
o< y <OMKXE0< y < oo E

—1:x = —©
DO:x=0
cothx = ¢ l:x = o
X —X
e te )
: otherwise
X —X
e —e
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Hyperbolic Trigonometry

@ 0 )
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Continuity

o In ordinary mathematics cothO 1s undefined:

ARG E . 0 IR cotho FE VA SR

+
N

cothQ = o o0 1.1

el |\
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Continuity

« In ordinary mathematics there 1s no real continuity
constraint that can be applied to make cothx
continuous at x = 0 so we cannot take cothx as
indefinite
FAL G IR SE PR B JESE L R R
cothx fEAL x = 0 ANEZE ) A1 cothx (4 x=0 )
ANRERUE SUNTETT K
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Continuity

» In ordinary mathematics we could use topology to
force continuity of cothx at x = 0 by identifying the
infinities as —o0 = ©
TGy, TR LhsS RN EE, INETLS
KA -0 =00, ffi cothx fEAL x = 0 KIEEE
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Continuity

o In transreal arithmetic we can compute an unsigned
infinity y = oo from two signed infinities, +o0 and —oo,

as y = |too|. We do this using arithmetic, we do not
need to invoke or program a topological solution
PR SRR AR, — PR3 I055 Ky = oo H]
LU P E /5 HITC 55 K + oo fill - oo THRAR
2], idy=|% oo, XEHTEMHEAR, MATH
SR B A i DR F A5 ) B RE R 25 AR aX 1 ]

el o
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Continuity

« We need to be careful to use signed infinities on the x-

axis so that coth(—) = —1 and coth(o) = 1, whilst
using unsigned infinities on the y axis so that

coth(0) = —0 = +o0 = ®©

XTI x Al ERTA 5 T09T KR,

coth(- ) =-1, coth( o ) = 1. AT yﬂéjﬁiﬂﬂiﬂﬁ
5 I RIMMWITE R, coth(0)=-00=+00=00
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Continuity

- But there 1s a better solution using transreal arithmetic:

FFE T USRS AT LS b i a1 [m] et
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Continuity

- Now we define cothx as a piecewise continuous
function in two pieces with one 1solated nullity:
MAE, X cothx N— P EM XAl (HA—4~[X[A]
PAFERTE) LR BOESLR

—coth(—x) : x<0

cothx = <

- otherwise
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ams ADW Andersn
Continuity
(0,) @
cothx
(o,1) (D, D)
. Oo‘_l)‘ cothd
’ E
' (09 _OO)
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Continuity

« The topology of the transreal numbers breaks
continuity at the non-finite numbers so as to avoid
contradictions 1n transreal arithmetic and in all of 1ts
mathematical consequences, such as in trigonometry
and calculus, but we can choose to restore continuity in
special functions, as we have just done
]SSR IR AT TR 1 AR 95 RIS,
MRS | AR ) SRR AR N L — PR B AL
ZER P HEIA—E, W= (B2,
FATAT LA ek eR AP R e e, bl &
A D9 28 A 2 N
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Continuity

 Ordinary mathematics does not settle the question of
what to do with undefined or indefinite values

%%ﬁ%%%%%ﬁ%%%iﬁ%%%@%ﬁ%ﬁ
i

. In transreal arithmetic, and 1n all of its mathematical
consequences, no undefined or indefinite values exist
fER ) SRR AR N —PIEIR B 4R/, e
€ BTG E(H B2 AN TAERT .
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Continuity

» Transreal arithmetic 1s total so 1t forces us to consider
every possible case when solving a problem.
Consequently the solution 1s a constructive proof that
no undefined or indefinite value exists
) SRS SE RE N, A DR R R 5 T 2%
MRTREYE, ERIFr AR S5 RAEC AT LA Tk b

(FEE S EC T T RERIE RN AY ) ToxE Bl Tolif e E
HIZCAR AN =
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Continuity

S

Page 62 of 194
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Metric Spaces

Metric spaces are defined over a metric, m, which obeys

four axioms:

JEnZS AR T m _EiE SCHY, HEE Y S HL:

m(a,b) = m(b, a)
m(a,b) >0
m(a,b) = 0 a =5

m(a, b) +m(b,c)>m(a, c)

[M1]
[M2]
[M3]

[M4]
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Transmetric Spaces

Replacing greater-than-or-equals with not-less-than

generalises metric spaces to transmetric spaces with a

transmetric ¢:

Bl KT 0 RNT, I3 A U

t, {15 R s aly oA A s

t(a,b) = t(b, a)
t(a,b) £0
t(a,b) = 0<a = 0>

t(a,b) +t(b,c) < t(a,c)

[T1]
[T2]
[T3]

[T4]
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Transmetric Spaces

 Transmetric spaces are a superset of metric spaces
g A E (BRECE PR ERES AR
—itEsE

 Transmetric spaces allow a distance of nullity

) S s ) ] DUE SCIE 2 S0 B

 Transmetric spaces generalise limiting processes so
that, for example, power series and calculus are
generalised so that they have no undefined or indefinite
values
g ARy R A RIS, B, AR
TR IR R SR e, RBR T ICRE LaToiiiE
{IEREOEA

© James A.D.W. Anderson, 2009. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

Transmetric Spaces

« In particular, every power series has a sum to infinity
R, B RPEERR LoEe o5 270 (R
4E n=co) HYIIFL, TMARENT T Io55 210
(RIEAE n— o) BIIIAL  (RITCRRITLZAN) -

e The sum to infinityof 1 — 1+ 1—1+ ... 1s given later
1IEE1 + 1 — 1 4 XHETCIF IRBY IS AR 2 Y
5
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Trigonometry

The trigonometric equations are defined for all transreal

numbers by taking their power series without boundary
conditions. In particular:

WIS AETCIA T P BRI I, =M
PR USRS EHRATE Lo Rl
e cOS(x©) = cos(P) = O

e sin(xw) = sin(P) = O

. tan(Zxow) = tan(D)

()
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Powers of Unity

b Inl dInl D x0 o

el =e = e = e e =0
0 In1” wolnl 0 x 0 0

el = ¢ = e = e e =O
—o In1"~ —wlnl —00 % () )

o 1 = e = e = e = ¢ =0

Transcomplex powers of —1 are given later

-1 W) LB RS AE L AT 4
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Trigonometric Identities

Trigonometric identities hold for all transreal x. In
particular:

—AESE S PrE R SUEEEL x #RA TR S AT -
o coszx+ sinzx = 1"

2 . 2 X
e cOSh x—sinh x =1
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Moral

 Ordinary mathematics is guaranteed to fail on division
by zero and on each of the infinitely many
consequences of division by zero
LG Hr T, BERIR A L HAR R R A 45 R AL

B

» Transreal arithmetic never fails on division by zero nor
on any of its infinitely many consequences — division
by zero always succeeds
FHBCHE, e RO a B, FBRATISH N
CEIEGIREEE S SN -8
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Moral

 Ordinary mathematics has infinitely many undefined
and indefinite values

RGEE~ A 55 26 BT RE XCRTC il 2 [E IV 4L

« Transmathematics has no undefined or indefinite
values

R SR ANAFAEATAR] JE RE BT RE (ELHT 2K
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Moral

« There 1s a very great deal of work to do to extend
ordinary mathematics to transmathematics. Some of
this work 1s easy, some of it 1s hard
R Gy RN MR ARG K Y AR
Hp— SRR G S B, — S XS R AE

« Do you have the strength to remove guaranteed failure
from the mathematics that supports your society?

QLML 2 RSSO, (it
B8 G ISR R\ AR 2 (P PE IS S 2T 2
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Advances in Standard Computing

Every syntactically correct transarithmetical expression
1s semantically correct so:

XN _ BRI A ) LEORSEIASL, HAETE
N B ERY, E

« Compilers can perform full type checking
I P ] LASAT SE B RO IS

« There are no arithmetical run-time errors

AR A TE T R
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Advances in Standard Computing

» Transreal arithmetic removes an intrinsic bug from
integer (two’s complement) arithmetic, making both
hardware and software safer
)R RE A T AL (fMD) 125 5]E
P, T AERE PRI |- P I
558

- Floating-point hardware can have all wasted states re-
allocated to transreal numbers, thereby improving
arithmetical range or accuracy

VP LR e BRI SR 3 TR B 1 D AS A BT o
ACEEE ) SCSRAR 2, NIy K iz Bell, R
bem T ERE

© James A.D.W. Anderson, 2009. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson
CNIC - Chinese Aca demy of Sciences
2009

Two’s Complement

(000)
0
(111) —1 1 (001)

(110) -2 2 (010)

(101) -3 3 (011)

(100)
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Two’s Complement

« The complement of the most negative number 1s not its
negation —(—4) = —4
/NIRRT A AR S RIS, W, -(-4)
= 4

« Almost every computer suffers this weird-number fault
JL et ENEA] R R T H LA BSR4
(weird-number) 5| 4H B
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Trans Two’s Complement

« The complement of the most negative number 1s now
its negation —(—©) =

ﬁﬁATAEﬂZF TELAIIRAE G # 2 H AR
AL, anl& ¢I(<w)—

« And the complement of nullity is its negation —-® = @
mH, FERHAMC R B S AL, B
- 0=
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Trans Two’s Complement

« Trans two’s complement removes the weird-number
fault and preserves the topology of the transreal
numbers
) SCAMEHERR T R AR (weird-number
error) , MITOREE 18] SCEEEUHYFRTINEG1)

()]

®
o ®
—Q0 R 00
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Trans Two’s Complement

. Trans two’s complement gives transinteger and
transfixed-point programming superior exception
handling to floating-point arithmetic
] SO Y5 AR ) SRR ) S8 R Fy
A SR A R AL H AL TR RE

« The topology of transreal numbers extends to floating-
point arithmetic so that 1t can match the exception
handling of transinteger and transfixed arithmetic
M) B AR NI N T I AU ER, Bt
g%ﬁﬁﬁ%f&iﬁ@%f&%ﬁ@ﬁﬁﬁ%ﬁ
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Floating-Point

« IEEE 754 defines floating point numbers in terms of
three of bit fields that encode the Sign (S), Exponent
(E) and Mantissa (M)

IEEE754 ¥ s SR e M R 8 ) =~
R GE R, AT B AR ZA0IC (S) , TREX
ot (E) , fHERBEHIIT (M)
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Floating-Point

« In general, a floating point number n = 1°2%m , but
bit patterns are reserved for —0, —oo, co, NaN. where

i = 2" 2 with m being the number of bits

explicitly represented in the mantissa. The “+1” arises
from the sign bit and the “-2” from —oo and +o0o
RN, LT LR N n = 1528M, fH—
LT RINE T, REIRN -0, - 00, 00, NaN,
(K | Bk, = 27, (m S AU T
M) s e RENET AR, i
27 RRNIERILST (£ o0) AMAEAEN .
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Floating-Point

- IEEE arithmetic encodes —0, but —0 does not occur in
transreal arithmetic so transfloating-point arithmetic

reallocates the binary code for —0 to @

IEEE IBX — 0 Agmtd, (Hi2, mTH s
BEPAT A — 0, ) P RIe A IEEE
PR — 0 B9gmtd, EIZ N @
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Floating-Point

o Nullity now lies in the middle of the lexical collation
range of floating-point numbers so sorting routines
must handle the unique nullity as a special case (IEEE
sorting routines must handle all NaNs as special cases)
TFHAL T 7 BB B X BRI HE 74
REAEIA T A s ZON A A M EA R R R (EAL B

(IEEE flF IR 00N P A HIAREUE  (NaN) 1F
FEIRE AL )
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Floating-Point

« Notice that IEEE arithmetic collates numbers in

reverse order because S 1s the most significant bit and
S = 1 encodes negative numbers

TEE, IEEE PRIEFNEE R A ), X HL S
R AL (MSB) , 2 S = 11, AERIEAIAS
WAL
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Floating-Point

« IEEE arithmetic uses reverse collation so that the

binary codes for integer zero and floating-point
positive-zero are 1dentical. As many computers have a
test zero 1nstruction this makes positive-zero
comparisons quick

IEEE Jo SR (0 o [ e B 7 =4, DA (e A
MTF R BOEZAEE . AR 21 AN — D
HITES, XX 1IEZ Y HE AL T B T R
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Floating-Point

 IEEE arithmetic uses the most positive binary code for

oo and the most negative binary code for —o,

transfloating-point arithmetic does the same

IEEE 1 FARHEE SO 3Gl A AR oo, T
BER A HIARAE N — oo, IE AR P2 RIS
EIEESENE
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Floating-Point

. IEEE arithmetic has 2" 19 NaNs, but transreal
arithmetic has no NaNs so all of these states can be
reallocated to transreal numbers

IEEE BAFRIEHA 22 N REUE, T Sk
OSSP AR AREUE, NI, A iR
) A AR T AR RE SN AT SCSRAR
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Floating-Point

» Taking the reallocated codes as signed numbers means
that there are 2" — 1 new mantissas. This is almost one
binade: 2" — 1 bit patterns in a near binade as against

2" bit patterns in an entire binade

BLL ERIX B ANLE A58, IR 1
2 AN AT IX LR E 1 binade, I —
AFEA Y binade 18 2™ DAL, X B o
A, BRFATR < L) binade  (near binade) o
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Floating-Point

 Leaving the exponent bias unchanged takes this near
binade with a positive exponent so as to almost double
the arithmetical range of floating-point numbers
FEARFFIEEUR ZE AL RE O N, BURECNIERY LA
b%nade‘ (near binade) HUJ%??/ ALY ETR L
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Floating-Point

« Incrementing the bias takes this near binade with a
positive exponent, but frees up an entire binade with a

negative exponent, thereby delaying underflow to
denormal numbers

IKEIE K w2 (FmZEm—) , S Ul
binade H$8% A IE 4~{um_r T—/\i’ﬁéﬁﬁlﬁﬁﬁﬁé/ﬁ
'] binade, £ MmZ B 4 T FE2 N/ NIRRT ZE W
B, MMHER 1 21 S FABR R F o
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Floating-Point

« Only one of these options can be taken 1n one thread:
either increase the range or else increase the accuracy

ﬁ—A%ﬁ$RﬁuT FRETLASEER . 24 K30
5, BRSNS

Page 91 of 194
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Floating-Point

« 64-bit Intel chips have an 80-bit accumulator with

m = 64. This wastes 265 — 2 states
58 A BECE AL T TN 64 BY 80 AL R s HY
JEREIR 64 AN, MM TR 1 200 - 2 st

2% 2 = 36893 488 147 419 103 230
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Floating-Point

« The IEEE standard defines four relational operations:
less-than (<), equal (=), greater-than (>), unordered
(?)

IEEE fRHERE L TR RIS /NF (<), F T
(=), KT (), K (?)

o Transreal arithmetic defines three relational
operations: less-than (<), equal (=), greater-than (>)
i) CEGe A E LT =Mk RsHE: N F

(<), FT (=), KT &)
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Floating-Point

 The IEEE standard defines 14 composite relations:
[EEE PR E ST 14 R AR AR

= 7<>, > >= < <=7 <> <= > = <, <=, )=

« The IEEE standard defines negations of 12 out of 14 of
the composite relations:

FHEN THSP 12 ik KRG ER R

NOT(>), NOT(>=), NOT(<), NOT(<=), NOT(?),
NOT(<>), NOT(<=>), NOT(?>), NOT(?>=),
NOT(?<), NOT(?<=), NOT(?=)
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Floating-Point

- | have never seen a computer language that supports all
of these 26 composite relations with 26 relational
operators
P ILILATATT —Fp T BHE 5 SCRF T IX 26 B
HERR (JHRIFrEIX 26 Fiok RI2HAF)

© James A.D.W. Anderson, 2009. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson
CNIC - Chinese Academy of Sciences
2009

Transmat] hematics

Page 96 of 194

Floating-Point

o Transreal arithmetic supports 7 composite relations:

) AR SR 7 P AR A
= > >= < <= <> <=>

« Transreal arithmetic supports negations of all of the
composite relations:

HHZF X 7 MG R RS E R

=, 1> I>= 1< I1<=, <> I<=>
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Floating-Point

« Transreal arithmetic preserves symmetry of negation
that the IEEE standard breaks, this makes it easier to
program with transreal numbers
ANE T IEEE ARiE, @) MEEEGa RARE X A A
BRABTEMEEL AR X MR, RXEIFH
FHFET SCEEEUSRE i T B2 )
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Floating-Point

« 12 of the IEEE relations can raise an exception:

[EEE FREHFHTLATS 12 ok R AT RES T AR 70

> >= < <= <> <=> NOT(>), NOT(>=), NOT(<),
NOT(<=), NOT(<>), NOT(<=>)

« Specifically, all of the relations that do not contain the
predicate unordered can raise an exception on NaN
HALIBE AR IPRIIR, TS AP
JE A S
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Floating-Point

« None of the transreal relations can raise an exception

so 1t 1s easier and safer to program with transreal
numbers

W R USBOES X RATRE 50, 1A
i, PR SRR RO AL . A
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Floating-Point

- The IEEE standard defines that NaN . # NaNj so that it

is false that x = x for some floating-point objects, x
[EEE FRUERE X NaNi # NaNj, FILA, XfF—L3F
RAR x, x = x 25T

 The above breaks a cultural stereotype that everything
1s equal to 1tself and destroys equality in mathematical

physics so that mathematical physics does not work
with NaN

EHRZERITH T A RS T AR S " 1Y
IR, FIRFEIR | 2 e M iS5 A
Wi, AR EEL R 2 ANTE
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Floating-Point

« Transreal arithmetic has x = x for all transreal
numbers, x
Eﬁ‘% N GaEr | x = x XA SCSEEL < HR
=

« The above preserves a cultural stereotype that
everything is equal to itself and maintains equality in

mathematical physics
UL RIS < A RIS TS it
SRV, AR AR S B
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Moral

« Do you want Chinese computer chips to outperform
Western ones?

URA B A E BT SRS B g5 e T i g 2

« Do you want Chinese computer languages to
outperform Western ones?

VR B A E T SR S E T ?
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Moral

« Do you want Chinese mathematics libraries to
outperform Western ones?

VR A B2 A ] R R T P 7 g 2

« Do you want Chinese computer applications to
outperform Western ones?

URA R E T ALY R A T P S 2
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Supercomputing

China’s intellectual property laws prevent us from
telling you how our supercomputer works, but we will
tell you about one of our old designs that 1s 1n the public
domain

F R EGE, A TARERAR 23 K]
R T EALE T TAERT, 245 KIS 4
FATIL L A A~ S BRI
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Supercomputing

Our old machine operates on numbers and aims to
achieve truly massive, fine-grain parallelism, with
extremely fast memory by:

AT LW as 202 R B, LU @RS 7%
ar) SEELEIERY RS KSR HFAT I E v H xR,
FHE I LA BOR S

« Aggressively simplifying the cores so that they are
very much smaller than conventional cores

éﬂﬁﬁ%ﬁ@@%%%,@ﬁ%%ﬁW@%&ﬁ

27
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Supercomputing

» Passing tokens on an escalator bus so that all cores can
simultaneously receive and transmit tokens 1n every
direction with zero Input/Output (I/O) latency
1 escalator {515 2k FAES AL 8 , & A B AL
%gﬁfﬁﬁL%%ﬁW%Wﬁ%%%%,#ﬂﬁ

« Holding all working memory in on-chip cache, thereby
accessing memory at processor speeds
WA A AT W BN A T 0 Fr ey B, AT LA
{9 PN A7) (] Bk 2] o LR A T e Y ok i
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Supercomputing

« Running I/O from every edge of the chip with zero
latency so that there 1s no memory wall
T B ER e AT RN I R e 5 e, R
T A AR
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Aggressive Simplification

- Hardware layouts say we can achieve 10 k cores on a
chip
A5 OB RS A BT DI — Ui i B —
PARN OS2 Y 7

Page 108 of 194

© James A.D.W. Anderson, 2009. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson
CNIC - Chinese Academy of Sciences
2009

Transmathematics

Page 109 of 194

Aggressive Simplification

» In the fixed-point machine, the only arithmetical
operationis A x B+ C — R:

FEE RITENIH, ME—ARERIZE N AXB+C —
R:

5]1

A

@

T
=

P
'I\#—"i
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Aggressive Simplification

« All other arithmetical operations are synthesised from
this one, because fabricating them would waste space
in most of the processors on a chip
FIr B e B e R W I X e J R AN R 4H
SRR, BENWERG T AP RS o A
YR 2RI AL B e =S [

« The floating-point chip also has one non-arithmetical
operation

7 AU ELE A BB T AR R AR R
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Aggressive Simplification

Fetchless architecture:

AR LA -

« Minimises circuitry

B/ M FEL I

« Reduces on-chip fetch-latency to zero

P L HRHUE IR I TR] PR 2

Achieved by token passing
& L i3 7 UL B
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Aggressive Simplification

« Tokens transmitted, conditionally on the sign of

A x B+ C — R, through every edge of the square

processor and internally (Grey arrow blocked, white
transmitted)

R3E AXB+C — R 5, MAETT AL #Ear 1Y
g NEME S O OEELAGRIBTEREZE, B

T kAR AL )
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Aggressive Simplification

(°c
=

» There are four signs — negative, zero, positive, nullity —
encoded 1n two sign bits so all selectors are maximally
efficient

s e RN ST 51) WA 5540
ij%ﬁéﬁﬁ% @@ﬁﬁﬁ A AT RE SEIN AR By B
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Aggressive Simplification

(°c
=

o If desired, each of the four separate signs can transmit
a token 1n a different direction

QUARTFEL VUMM 5 B AP ER REAEAN AT Y
7 TR A% 35 4 ho

Page 114 of 194

© James A.D.W. Anderson, 2009. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson
CNIC - Chinese Academy of Sciences
2009

Transmathematics

Aggressive Simplification

There are no arithmetical error states so:

TR BT HIRES:

« There 1s no arithmetical error handling circuitry on a
processor

FEFATHTAL TG o, J50AT OX SRR S 5 1Y A 2L P I

« Program execution is more secure

T N4 4
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e Core Tile

Escalator step
N,S,E,W
Escalator f£1% 2 N,S,E,W ®ML

AN

5 Result token

Processor in centre of tile 25 R4 T
ZTTICHM AL PSS j(—'”’ J
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Escalator Bus

ﬁ B
- -

« Escalator bus emerges from the processor tiles

Escalator 1515 s 25 H AL ERAS H F & 7 To A K
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Escalator Bus

 Every core can simultaneously read from and write to

the escalator bus on every processor clock cycle with
zero latency

(AR T — L, 5 — AT
RE[EI )X escalator 575 BB - T2 B 4t P 12 5 4k
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Programming: an Army of Ants
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Programming: Initial Orders

a3edels
ssaists
ss8eds
ey
B

STiasIea e
e
e!
5
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SHOHOHE

FOHOHCHOHOHH 6

Snditainttttisistiattsassy
OO Iy
HE R T I R I
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et eotiis i
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Programming: Is it Possible?

We have programmed these machines:

TAEL dtesLBl T

« Emulated a Turing complete machine

E T —aE Rl

« Eliminated race conditions by using a single thread

R AR IR B A A

- Eliminated race conditions by travel-time inequalities

AL RE IS RIS IR PR s 2555 1F
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Programming: Is it Possible?

- Implemented fully pipelined, mathematical functions
with a throughput of one result per clock cycle, and a
latency down to half that of the Itanium 2 on:

reciprocal, reciprocal square root, square root,
exponential

SEH A /K EE GG, A B A T R £ g

FLHT— Nk R T ELAEL SR, T TR

B TR AU Um0 2
Y — 2
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Programming: Is it Possible?

« Pipelines do not break on branches, they just tee-off in

some city-block direction within the 2D surface of a

chip

TKEAED SCRATRE, BNISTE (N4

R AEER) A

- Y —Ia

X7 TR 2

« Non-recursive subroutines have call and return
implemented by branching so when they are in-lined

they do not break pipelines
i ) TRt 5 % SCE F asE , PRf2
CATNERES, Ak Z i
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Programming: Is it Possible?

« Multiple calling points for a single subroutine
introduce bubbles 1n each pipeline, and may break the
pipeline
MNTHR—TREFNZHEM N, AR FhKEF 5]
N ETEHEFEVLA, XA AT i K 2 H

 Loops force pipeline data into blocks of a size that will
fit inside the loop, this breaks the pipeline

TR K SR E AR MERIHTER DX 32X )7 =
FEGANHRAEIE R Y, (HAZIHRWT 1 itk
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Sum of Two Factorials

« Can you implement the sum of two factorials,
s = a!+ b!, 1 11 machine instructions?

V;}ﬁ e 11 SHlasT5 2T E DI Ie 2l s = al +b!
I
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Sum of Two Factorials

I

MUIN! —a
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Compilation

 General compilation is straightforward, but uses our
supercomputer as a Co-processor

{58 FHIA TR T AU E D i Rl AL B e AT L
e fa] B E A%

« Compilation via single assignment (functional
programming) 1s attractive because of pipelining

R A KSR, I BRI E (PR EE)
AT S PR IR RS | )

« Systolic programming is highly applicable
Rk B2 2 G A AR 5 IS

« Pipeline programming is highly applicable
T /K 22 g Rt A AR s ) P
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1/0

- Perspex chips can be tiled together with one escalator
input and one escalator output per edge of the chip,
each running at 250 M Tokens Per Second

ARV ] PSP HEY A E—E, o _EREAci
Zx A — escalator @bl_iHJ}\lﬁ’ﬁﬂl*/l\ escalator ik
o, DA MG R 250 IR R 3 s T
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1/0

1/o chip

| i/o chipl | i/o chipl | i/o chipl
| Perspex | (| Perspex | Perspex | (/o chip|
chip chip chip
| Perspex | | Perspex | Perspex | o[/ chip|
chip chip chip
; ; ;
| Perspex | | Perspex L | Perspex | o [/o chip|
chip chip chip
: y Y
\i/ochip|  |i/ochip|  |i/ochip|
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« Chips have an address horizon, not an address space,
so arbitrarily many chips can be tiled together
O B2, R hE =S (R], [RIAE
ST LR HES Ak
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Supercomputer

The current specification of the chip has:

IATHIE RS A -

« 10 k cores

1 T ERAZ

« Cores clocked at 250 MHz
ACFEAZINS 808 250 JRHR24

« 4 input channels, and 4 output channels, each running
at 250 M Tokens Per Second

AN NEDE, 4 MBI, NS T
BRI 250 TR 4
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Supercomputer

« Power consumption of 10 kW per PFLOP
BB T 1 TIRRAEE SOa R, RN 10 TR
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Supercomputer

« We have implemented conventional programs

Pzt 7B RIRERY

« We have implemented pipelined programs

KL

« We have implemented systolic programs

LA ok sl 471 5 CRE
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Supercomputer

« We get better pipeline latencies than other architectures

MBS, /KN4 R A IE AR A]

« We get better pipeline throughput than other
architectures

EPRHT IS T

« We can sometimes match, but can never beat, systolic
architectures

AT SEE T, KGR RE L AT LA
KBRS, AEAR A
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Supercomputer

» It 1s not practical to implement programmable systolic
arrays in ASIC, but our chip is a viable alternative

FE ASIC FELIE 1 A G A HO Dk sl B A1) AN SEBR
FATHE Ml AT A A

« Compiling by travel-time inequalities builds in some
robustness to asynchronous operation of the array of
Processors
I AL R B] [B] AN S P A T o 30 5 1 A I e P 47|
R[] P im SR S
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Supercomputer

« Asynchronicity can be built into the array to smooth
power usage

AP H1] R STt A R 25 ik R REASE FH B - A

« Our power consumption 1s about 1% of competing
architectures

R RILE ST 52—
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Transcomplex Numbers

The transcomplex numbers are still being developed so
the following slides are subject to revision

i) U RIS A e, AL N TATH
LI A AEEIT
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Transcomplex Numbers

 The Cartesian complex numbers, ¢ = (x +iy), do not
generalise well to transcomplex numbers, but the

polar-complex numbers ¢ = (7, 0) do generalise well
FRIRAEPRER A BOP 20 ¢ = (x + iy) ANHEIR AP
HE) N R ) R, BN AR R SRR B B OV
Xc=(r, ) &AL

« Henceforth we say that C’ is the set of polar-
transcomplex numbers

X RATIUE CT ARABRR IR AT SUE #4E
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Transcomplex Numbers

o If desired, we may i1dentify the Cartesian complex zero,
0 = (0+i0), with all those polar-transcomplex zeros,
0 = (0, 0), that have a real angle 6 € R
INRFFE, FATA LA RIRPR R RUE
0= (0+i0) F AT Pr A AL BAA LU0 e R
AR AR R IR LA 0= (0, 6)
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Transcomplex Numbers

« Regardless of whether or not we make this
1dentification, polar-transcomplex arithmetic 1s a
superset of polar-complex arithmetic, transreal
arithmetic, and real arithmetic
AN e IXAEIAE], AR RS BT U2 AT
RARHGEN AR ORI E AR ) SRR AR
FISEAURAR BB A

© James A.D.W. Anderson, 2009. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson
CNIC - Chinese Academy of Sciences
2009

Transmathematics

Page 141 of 194

Transcomplex Numbers

« We have to make the identification at some point if
polar-transcomplex arithmetic is to be a superset of
Cartesian complex arithmetic
AR B AR S R R R AR N R /R
AR IV E BRI EE . BT/ e )y
VEIXAFERIALA]
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Polar-Transcomplex Numbers

« The polar-transcomplex numbers are (d, 0) where d 1s

a transreal displacement and O is a transreal angle or
the transreal argument of an angle

WALTR RN AT 0N (d, 0), HAH deiE)
SCERHERINHIGIARS 0 aetd)  SEEHCR IR B T
AEE T TR AR SRR R YR
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Polar-Transcomplex Numbers

« 0 1s bijective with the points on a wheel of unit radius
when the non-finite angles are 1dentified as 6, = 0,

when 0, 0, € {—o0, 0, D}

e i A TR 0 = 0,0, HR 0, 6,
e {—0,00,®}, A 0 HSPEALEREE EREN
ST HY
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Polar-Transcomplex Numbers

wheel

e

' 0eR

0 e {—00,00 O}

Al
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Polar-Transcomplex Numbers

« The wheel 1s swept along a transreal axis which 1s
bijective with displacement, d

ReIRITE ) SCSLEHT AR PR g T 13, XSRS

d &AL

o
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Polar-Transcomplex Numbers

English has many words for describing the parts of a
wheel:

STE AR Z 1R AP A R AR 25580

« We say that the wheel in the range —0<d <0 1s a
wide wheel

2 -co<d<colff, FRATER

« We say that the wheels at d = —o0 and d = o are side
walls

Hd=- oo fld=co i, FRKNE

« We say that the wheel at d = ® 1s a hub cap
2 d= @ Hf, FRONFEEE
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Polar-Transcomplex Numbers

« Topologically, @ lies outside the range —o0 < d <
and may be drawn at an arbitrary position outside this

range. Here the wheel at d = ® 1s drawn above

d = oo only because this placement makes it easier to
describe the addition of polar-transcomplex numbers.
It could be drawn elsewhere

MIETN P i &, © (EJBl] -co < d < oo X
A, e Al LI AT R SN
XHRG d = @ BRYSE J-HIfE d = co I HYFE -2 |
RN XA UL RE A% BE 25 20 MR IR AN AR R 26 7 R8T
SR Breen] IR/ R B E

A\
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Polar-Transcomplex Numbers

« We say that the axis of a wheel 1s an axel

FRATTRRES (5 A b e

« We say that the centre of a wheel 1s a hub

O DA E Zor=
« We say that the circumference of a wheel is a rim
e 1l AT ] T N e

« We say that the whole wheel shown 1n the figure 1s a

swept wheel
KRR ERR R Dy 340

paili
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Polar-Transcomplex Numbers

o
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Polar-Transcomplex Numbers

« The swept wheel 1s a double cover of the polar-
transcomplex numbers 1dentified as

(d,0) = (—d, 0 +n)
A B AR RSN ) R S
(double cover) , FJIAN: (d, 8)=(-d, 6 + )

W

o If O 1s the transreal argument of an angle then 0 lies on
a cylinder or its axis at nullity

i o B— NI Ak CELEGE S, B4 o
%ﬁE\HmM%ﬁ B AR R RS A
R

« We say that the cylinder is a single-ply wheel
FATTIRIE A [ A4 B e

© James A.D.W. Anderson, 2009. All rights reserved. Home: http://www.bookofparagon.com



http://www.bookofparagon.com

James A.D.W. Anderson
CNIC - Chinese Academy of Sciences
2009

Transmathematics

Page 151 of 194

Polar-Transcomplex Numbers

o If O 1s a transreal angle then 0 lies on a Riemann
surface or its axis at nullity

A o AR, R4 6 AT
RS b AR RN L

« We say that the Riemann surface 1s a multi-ply wheel

FATFRX A5 = il T 22 e
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Polar-Transcomplex Numbers

o
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Polar-Transcomplex Numbers

« Because of the double cover, the argument of an angle
1s defined over half a rotation not a full rotation:
Moy EH S, — AR DUAEE R _EE
X, A ‘ﬁ/\

paii

O

{ n/2 : arcsin(sin@) = —m/2
argh =

arcsin(sin0) : otherwise
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Polar-Transcomplex Numbers

« The function can(d, 0) = (d’', ') maps arbitrary,
polar-transcomplex co-ordinates, (d, 0), onto (d’, 9'),

in canonical form, so as to fix the sense of the
displacement

EMACEE P IPREIE 0, TS AT 6, AT
can(d, 6 ) = d”, 0’ )4%4‘)§2éé%%§mﬁﬁiﬁf>‘é’5§&
AR (d, 0) BREE] (A, 07 ), MIMERMFE A IE,

can(d, 0) = (d',0')

g - —d : cos0 <0 or arcsin(sin0) = —m/2
d : otherwise

0’ = arg(9)
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Polar-Transcomplex Numbers

« The canonical form 1s an involution of the grey parts of
the rim of the wheel onto the solid black parts of the
rim, with the hub of the wheel being mapped onto 1tself
by 1dentity
T IEAREIEEC, B B R FE R R ROkt
G ERSEGR o, Mg g 2 e A, HIfR

FEAAL
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Polar-Transcomplex Numbers
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Polar-Transcomplex Numbers

Multiplication and division are defined as follows:

PN AR BHE ) SIS0 A O SRTR R Bk

e (dy,0,)% (dy, 0,) = (d; xdy,0,+0,) : d,0,eR"

T
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Polar-Transcomplex Numbers

« Note that non-finite, orthogonal transformations
(rotations and reflections), O, do not have a

e -1
multiplicative inverse, O , but they do have a

transpose, OT, so the contra rotation, 1s o'

HE, AEERE GEIT SRR ) B8 (iE
RS OWAEEE O, HEFHELEM O,
R A s HaEH O R o
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Polar-Transcomplex Numbers

 Addition and subtraction are obtained by ordinary
vector addition in a plane which 1s subject to
transformations in the swept wheel

AR B e A Eﬁl:ﬁj: 1 A FRAE 26 7 A )
(ARG MAAFE. PR TEARE b
AR B H T o

« The parallelogram rule 1s preserved for non-finite
vectors, which makes the sum of non-finite vectors
generally non-associative

AU LR A BRI R S TR
i M IR S0P
/ =
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Polar-Transcomplex Numbers

(d,0,)+(d,, 0,) = (ds, 05) may be computed as
follows:

éﬁﬁ (d1, 0 1)+ (d2, 02)=(d3, 03)FTLAHEAN

« Map the arguments (d,, 0,) and (d,, 0,) 1nto
canonical form via an involution

G (d1, 0 1) F1 (d2, 0 2) 2SN RiETE R
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Polar-Transcomplex Numbers

« Map the transformed arguments by a dilatation into a
common, general plane, for example, whichever
argument plane is higher in the swept wheel model

A HSERIEI A RK (dilatation) 2> 5 18 1Y
PR, BN, AEARERe AR SR RS A T
SRR B8 E

« Perform ordinary vector addition in the common plane
with displacement, d ., to obtain the resultant vector

ro (dr’ er)
FERIAE A d B E YT BT PR A E Y
iy Mﬁﬁ FEE I v, = (d,, 0,)o
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Polar-Transcomplex Numbers

« Map the resultant vector onto the swept wheel model
by a dilatation d; = d_.x |d|

R R MR RIALRE O dg = d. X | d, | Y fi%e s
G I

« Map the dilatated vector at displacement d; into
canonical form as (d,, 05)
5 JZ B TR e BB 2285 D dg 1Y ARt =, B
(dS’ 6 3) o

 This completes the addition
MTTSE T It AT
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Polar-Transcomplex Numbers

« Subtraction is defined as follows:

NS ERNPERES

(d,01)—(dy, 0,) = (d},0)) +(=d,, 0,)
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« All polar-transcomplex functions ¢’ - " are
mappings on the swept wheel

Fi A IR AR R R R T U R i — ¢!
e eI ERE T ol

« Specifically, they are transformations or projections of

the wheel
Fipl e, AT i A i mk 5% 52

palit
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Polar-Transcomplex Numbers

- The complex logarithm generalises easily

2RO RAT MR Sy s e

« The complex exponential 1s the inverse mapping of the
complex logarithm

BRGSO L e

« In particular, all complex trigonometric functions are
loci in the swept wheel

BRI, P 1= R SR L L
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Polar-Transcomplex Numbers

« There are no undefined or indefinite values in polar-

transcomplex analysis because polar-transcomplex
arithmetic 1s total

FEAR A RFR IR U R, e TCE
SCETCHEE VR, ROMAR AR NI AL
BAGE TR IR 26, N — DIk A Y
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Polar-Transcomplex Numbers

« Therefore, every real or complex equation that 1s used

in mathematical physics, and 1s extended to a transreal
or transcomplex equation, 1s mathematically well
defined everywhere, including at singularities (but it
might not be physically well defined)
A, HAEECAP 2 P R SE AU R B 4K
JIREARRERE) R LSBT REEGE ) LB T
REo IXEGH) CLAECE HOUTRE (4L A SAE Y
BT ) FAERC e EHARIFHESL 1, BIAA—
EAE B S H R A =
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" Powers of Minus Unity

()
—I(D _ eln—l _ eCDIn—l _ e(CD, 0)(0, m)
° _ e((I)x0,0+7c) _ e(CD,n) _ ((D, TC) - _®
= O
R o 1T il (2,000, m)
o _ e(OOX0,0-i-TC) _ e(CD,ﬂ?) _ (CD, TC) — _®

= O
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Powers of Minus Unity

1% = = o ®In-l (5. 0)(0,m)

. —o0x 0,0+ D,
o ™) = SPT)

= O
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Sum to Infinity

We define that every transreal or transcomplex power
series has a sum to infinity which 1s the limait, if the limit
exists, or else is the formal sum to infinity including the
infinity term

PATESL, B L LEEE R, B
anx", WRA ERRAAE, BRI MR, Bl

S, A, HTERRIUZAHIIN L n ATE57 KRR
n=1
igﬂ—‘_\A) Elj Z xn+xoo o

n=1
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Sum to Infinity

We wish to find the sum to infinity, S_, of a power series
that generates theterms 1 — 1 +1 -1 +.
AR EFEIRET~E 1-1+1-1+ - Eﬁ%@i"ﬁﬁﬁ?ﬁ%
I (RIEHE n=c0) BYHIATS oo
In general, Hf!

n—> oo
S, = ag+ Z aex |+a, e, x

n=1

Note that the middle term ranges over all integers n > 0

Fa, PRI SRR EOMAEAT n > 0 AYEERIGER S H o
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Sum to Infinity

But 0 x 0o = ® so we cannot always use a coefficient

a, = 0 to elide a term from a power series, instead we

define an explicit elision operator, €, , such that:

B2, BT 0 X co=, FAAREMRE E DL R %L
a, =0 RHIZ EACH R BT X, FRATRAIE LT
—PHHERRF e, 115
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Sum to Infinity
Let, 1%,

n— oo

S, =1+ ¥ 1(-1)"|+1e (1)

n=1

With ¢ , = 0 this generates the terms
l-1+1-1+...,butthen S does not converge to a

limit so we take ¢, = 1
oo =0, Seo M 1-141-14, [HE, FEHT
S oo MAEWESA PRI, FATTRME ¢ =1
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Sum to Infinity

n—ao
S, = 1+ % 1"+ (-1)"
n=1
n— oo
= 17+1+ Y ~1"
n—
n — ©

I
S
_|_
_|_

[]

|
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Sum to Infinity

« Every power series has a sum to infinity
B P PEE T UETTI 2100 (R4, n =
o) HyhnAN

« Therefore, every power series used in mathematical
physics 1s mathematically well defined (but might not
be physically well defined)

A, HAEZCA PR B R R R Y
gi\%fﬁﬁ HES T, BN EARSRHARS
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Physics

We need to link transreal mathematics to physics

A T ZALRE ) SR R A2 BR AR K

4y
®
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Physics

« Any real-numbered, physical quantity, a, can move
continuously to a physical quantity, b, that lies
between a and oo
BT SR I B a #R ] LA SL AN
AR P b, HH b £ afll oo Z[H]

 Similarly, any real-numbered, physical quantity, a, can
move continuously to a physical quantity, ¢, that lies
between a and —o©
FHAEME, AR ) SCREER R R Bl a AR
LGRS S ¢, SUf cfaf- o
Z |H
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Physics

o In particular, a can feel infinite positive and negative
forces that cause it to move classically
R, a2k BRI R ER, L
M B T 8. % TR/ NAT LU A TR
CRRRBSCER) | SR (AL AR
/IN) o

o | hypothesise that quantum physics works similarly

Pvef3 B 2R A0
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Physics

S,
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Physics

« There 1s no quantity between ®@ and any real-numbered
or transreal-numbered quantity, a, so there is no
continuous (classical) motion between a and ®
T BT (T @ PR SCHcei ) 35
HEORRIELE: a Z 8], ££ a fll @ Z[RIAIETE
Sy RS Bl ] LR A

o In particular, a cannot feel a nullity force that causes it
to move classically

Fala, a MREZEPRHF RTINS, BT
5 A2 HL =2 1 7 AR )

o | hypothesise that quantum physics works similarly
SN b e~ )
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Physics

S,
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Physics

The Dirac Delta 1s used to transfer an action

asymptotically quickly, but not instantaneously

IKPLFERREL (ALK R ) IR R T F AR
(BAEZFIER)) 17 AL H B RE

5(¢)
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Physics

- Feynman wanted to exempt a moving electron from
acting on 1tself via the electric field, but couldn’t
(e 2EY Y R) HEE - e il
%%g%%%%%%2~4@@$%%¥,@@&
l

o I[f we assume that the interaction of the electric field
with a distant electron 1s asymptotically fast, because
the field perturbation has to cross the electron, then the
Dirac Delta transfers the action between the electric
field and the distant electron in the usual way
W AR AT B A LR Hoa s A s Y 7 = CE
T BT, H TSR, KA R
Bes DAE SR 7 =0 3 A0 - 22 [a) 4GB /R FH
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Physics

. If we assume that the interaction of the electric field
with an electron itself 1s instantaneous, because the
field perturbation does not have to cross the electron,
then the Dirac Delta collapses to a Box function with
an area of nullity so, by our linking hypothesis, the
electron does not feel a force from the electric field,
nor does the electric field feel a force from the electron
SR FRAT MR AT FE o A H -~ 22 Ta] B R B4R FH 2 A
AR A ( FIER ), BT — E %
-, AR e PRZSAN 1A TRTAR 9 2 N Y 3 FRATE PR
B, BN ATHVEG, PRI DERfS Y B
g%%@ HIHIVERTT, WA S 2B HI1E
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Physics

« When epsilon 1s exactly zero, € = 0, we have width
exactly zero, w = € = 0, and height exactly infinity,
h =1/¢ = 1/0 = . Whence the area, a, 1s exactly
nullity, a = wxh = 0xo = (0/1)x(1/0) =
(0x1)/(1x0)=0/0=0=0/0=¢/e=#1
Yo WEZFTER, B ¢ =0, AR TS
?ﬂ Blw= ¢ =0, fEmEZH ?%ﬁﬁj( Rlh=1/
e =1/0= OO..JHZ, Eﬁ@\aﬁu?ﬁr*ﬁ Al a=
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Physics

« This gives Feynman the behaviour he wanted, but 1t
does i1t by assuming that the universe operates
according to transreal arithmetic not real arithmetic
XA 28 = WA S 58 A rl AT, S8 LA
[T EARNE T 5, AR LA AR,

o If the universe operates according to ordinary
arithmetic then there must be a physical censor that
outlaws division by zero and all of its infinitely many
mathematical consequences

R MEGEAT T 5, BAMNIFELTTH— A

KELIERTARRLAFRIESE, LU RT A HHR I

+
25
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Physics

« If the universe operates according to transarithmetic
then 1t can divide by zero

WURLLET SR I, IATLIE IR
eyl

« As transarithmetic supports an infinitely simpler
explanation of the universe than ordinary arithmetic,
Occam’s razor says that we should abandon ordinary
arithmetic as a model of physics and use
transarithmetic instead

SEGEEOEE, &) EARR DAEE R IR
fRRETH AL IJWFETE%‘%@%JJJ@W% ?MI]F 1235
B AR, TAEESEAR, Ve R RS
) B AR
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Offer

« We plan to sell supercomputers at 5 M US Dollars
(USD) per PFLOP, three years after funding a
supercomputing company
(EFFEL =X — YO T HML LRI 2 ), KA
HRILARE PELOP 500 J7 2 TCHIT S & FRATTREE
HHEAM  (PFLOP, B T 1 TIRIKIIE SIE
B, N MeAEEIT. AL PFLOP /E NEHE B
i, maEfE e gt EYEs, Koy —a it &LaT LA
A2 PFLOP, #lln 2 X PFLOP, NI#&~ 1000 11
ETC. MR ST ENLEE 1 PFLOP. )
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Offer

- We offer a discount of two, 1 PFLOP machines for 5 M
USD for anyone willing to make staged payments of

one third on contract, one third on tape out, and one
third on delivery

XIS IAE— PFLOP, FATTMIE— PFLOP. 75
bb, FA sz o A, RITE S FIBBLAT 173,
WA SR A AT 173, 38 BRIAHEAT 1/3,

« We plan to accept discounted orders for 5 to 10
PFLOPs

UNERBESL 5-10 PFLOP, FATTIA S5 FEZ5 K /N 740
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Conclusion

« Transreal arithmetic 1s a superset of real arithmetic

) SR AR AR G S AR AT A

« Polar-transcomplex arithmetic is a superset of polar-
complex arithmetic, transreal arithmetic and real

arithmetic
B A R ST B A AR AR 2 1 5
ERAC W N GES
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Conclusion

o If polar zeros are 1dentified with the Cartesian zero
then polar-complex arithmetic 1s a superset of
Cartesian complex arithmetic
BN TH R/RE, WA AR RIS
BEAARZE R/RE R AR HEE

« Transmetric spaces are a superset of metric spaces

) SR s [l e B e s R Y AR
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Conclusion

« There are no undefined or indefinite values

1n transreal

arithmetic nor in any of its mathematical consequences

TR SCREUEAR N — 1R a5 R, AEAETT

FE BT E BRI AL

« In particular, every equation in mathematical physics
has a solution, even at singularities, though the
mathematical solution might not be physically valid

R, BOEPEE A — A TR (
b RUERR, B RAE I

(SEGIRS)
A AN

- 7L\
/_\Eﬁ/%\

- In particular, every power series has a sum

to infinity

MmH, f—MRRECE A LUEAST 20T (BN2$E

n = oo) HYHIA
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Conclusion

» Transreal arithmetic makes conventional computers
more efficient

) SRR SE T B =K

» Transreal arithmetic makes supercomputers vastly
more efficient

) SR AR IO SRR 2 B

« Transreal arithmetic can be taught to 12 year olds
T SSLEUE RS 12 B I T REE S

« Do you want to buy a PFLOP computer for your child?
PRABZE B D RI4Z =55 PFLOP I ALY
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- Do you want China to be a follower or a leader?

% HrhEE ARG, R N
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